Abstract. Conformally variational Riemannian invariants (CVIs), such as the scalar curvature, are homogeneous scalar invariants which arise as the gradient of a Riemannian functional. We establish a wide range of stability and rigidity results involving CVIs, generalizing many such results for the scalar curvature.
Introduction
The variational properties of the scalar curvature underlie its outsize importance in Riemannian geometry. Among the consequences of these properties are variational characterizations of Einstein metrics [2] , constant scalar curvature metrics [69] , and static and related metrics [18, 19] ; obstructions to the existence of metrics with prescribed scalar curvature in a conformal class [3, 45] and existence results within the space of Riemannian metrics [27] ; the Schur lemma [44] and the almost Schur lemma [49] ; and rigidity of flat manifolds [27] . Indeed, these results are all consequences of readily checked properties the first and second variations of the scalar curvature. In this article, we show that there are large classes of scalar Riemannian invariants which satisfy similar variational properties and consequences thereof. This work is heavily influenced by previous work of Gover and Ørsted [33] which explored obstructions to prescribing the first such class of scalar invariants, conformally variational invariants, within a conformal class. It is also strongly influenced by recent generalizations of some of the above results to the Q-curvature [16, 51, 52] and the renormalized volume coefficients [14, 15, 37] .
A conformally variational Riemannian invariant (CVI) is a natural Riemannian scalar invariant which is homogeneous and has a conformal primitive. We say that L is homogeneous of degree −2k if L c 2 g = c −2k L g for all metrics g and all constants c > 0, while a conformal primitive is a Riemannian functional S such that
for all metrics g and all smooth functions Υ of compact support on M . For technical reasons, we consider only CVIs of weight −2k on manifolds of dimension n ≥ 2k; see Section 2 for further discussion. For practical purposes, it is easier to work with the equivalent definition that L is a CVI of weight −2k if and only if there is a natural formally self-adjoint operator A g such that A g (1) = 0 and
for all metrics g and all smooth functions Υ; see [8] . Since the scalar curvature is the conformal gradient of the total scalar curvature functional in dimensions at least three [69] and the conformal gradient of the functional determinant of the Laplacian in dimension two [58, 60] , it is a CVI of weight −2; this can also be checked directly by computing the conformal linearization (1.1) of the scalar curvature.
The first systematic study of CVIs was carried out by Branson and Ørsted [9] , where they observed that the fiberwise heat trace coefficients of conformally covariant operators are CVIs. This observation plays a key role in their computations of certain functional determinants in dimension four and six [5, 6, 10] . Indeed, these computations allow one to show that every CVI of weight −4 has a conformal primitive in dimension 4 which is the functional determinant of a product of conformally covariant operators.
Since CVIs have a conformal primitive, one wonders about using variational methods to prescribe a given CVI. Within a conformal class, this problem is obstructed: Gover and Ørsted showed [33] (see also [3, 20] ) that the Kazdan-Warner obstruction extends to CVIs. For CVIs L of weight −2k on manifolds of dimension n > 2k, this is a consequence of the fact that a nonzero multiple of the total L-functional, S(g) := L g dvol g , is a conformal primitive for L. Indeed, let Γ : S 2 T * M → C ∞ (M ) be the metric linearization of L and set S = −Γ * (1) for Γ * the L 2 -dual of Γ. It follows immediately that
while naturality implies that S − L 2 g is divergence-free. The trace of S can be computed by letting h = Υg, yielding a Schur-type lemma (see Lemma 3.2) . More generally, we have the following "almost Schur lemma" (cf. [49, 52] ): Theorem 1.1. Let L be a CVI of weight −2k. Let (M n , g) be a compact Riemannian manifold with n > 2k and Ric ≥ 0. Then
where L = ( L)/( 1) is the average of L and S 0 is the trace-free part of S.
See Section 3 for a proof and discussion of the case of equality in (1.2). To establish affirmative results for the problem of prescribing the value of a CVI, we impose an ellipticity assumption: A CVI L is elliptic if the operator A determined by (1.1) is elliptic. For elliptic CVIs, the problem of locally prescribing L is unobstructed if ker Γ * = {0}: Theorem 1.2. Let L be a CVI which is elliptic at (M n , g). If ker Γ * = {0}, then there are neighborhoods U of g in the space of Riemannian metrics on M and V of L g in C ∞ (M ) such that for any f ∈ V , there is a metric g ∈ U such that L g = f .
Theorem 1.2 was proven in the special cases of the scalar curvature and the fourth-order Q-curvature by Fischer and Marsden [27] and the second-and thirdnamed authors [51] , respectively. See Section 5 for a description of the topologies used on the spaces of metrics and smooth functions on M .
When L is the scalar curvature, the assumption ker Γ * = {0} in Theorem 1.2 is equivalent to the assumption that (M n , g) is not a static metric in the sense of Corvino [18] . Similar to Theorem 1.2, we prove in Section 6 that the problem of locally prescribing L and Vol(M ) is unobstructed if there are no solutions to Γ * (f ) = λg (see [19] for the case when L is the scalar curvature). As in the case of the scalar curvature [53] and the fourth-order Q-curvature [52] , the assumption ker Γ * = {0} is rather weak: Theorem 1.3. Let L be a CVI of weight −2k. Suppose that (M n , g) is such that L is elliptic at g. Assume further that DL g is of order at most four or that k ≤ 3. If L g is nonconstant, then ker Γ * = {0}.
The reason for the restriction k ≤ 3 in Theorem 1.3 is that our proof requires DL g to satisfy the weak unique continuation property; see Section 5 for further discussion.
One nice property of the total scalar curvature functional and the functional determinant of the Laplacian on surfaces -the standard conformal primitives for the scalar curvature -is that they have one-sided bounds in a conformal class and are extremized at an Einstein metric in a conformal class, if it exists [57, 58, 69] . It is also the case that the functional determinants of the conformal Laplacian and the Dirac operator are extremized at round metrics on the four-sphere in their conformal class [7] . However, this property is not satisfied by the functional determinant of the Paneitz operator on the four-sphere; indeed, this functional is neither bounded above nor below and admits critical points which are not round [42] . We seek sufficient conditions for a CVI to be extremized at Einstein metrics in their conformal class, when they exist.
Motivated by the above problem, we say that a CVI L of weight −2k is varia-
, with equality if and only if there is a vector field X such that L X g = Υg. Here A g is the operator from (1.1). As we discuss in Section 4, if n > 2k, then these assumptions are equivalent to D 2 S being positive when restricted to curves of conformal metrics with fixed volume which are transverse to the action of the conformal group.
Variational stability and ellipticity together have interesting implications for the problem of prescribing L. First, in Proposition 5.3 we show that these properties imply that, in non-critical dimensions, the total L-curvature functional is locally rigid at a metric g at which L is variationally stable and elliptic. Second, if L is constant, elliptic, and variationally stable, and if there is a nontrivial solution to Γ * (f ) = λg, then the only obstruction to g being a critial point of the total L-curvature functional is given by conformal Killing fields.
If L is constant, elliptic, and variationally stable at g and if (M n , g) does not admit a conformal Killing field which is not Killing, then f is constant. In particular, if n = 2k, then (M n , g) is a critical point of the total L-curvature functional g → L g dvol g in the space of Riemannian metrics of fixed volume.
However, variational stability and ellipticity cannot be sufficient conditions for the standard conformal primitive to be extremized at any Einstein metric in its conformal class. Indeed, the conformal gradient of the functional determinant of the Paneitz operator on four-manifolds [6, 42] provides a counterexample; see Section 8 for further discussion.
Our last general observation about CVIs is another rigidity result, this time for flat metrics. It is well-known that the scalar curvature is rigid at flat metrics, in that if g is close to a flat metric and has nonnegative scalar curvature, it must be flat [27] . Indeed, this is true globally [40, 41, 62, 63] . A similar local result is known for the fourth-order Q-curvature [51] . We observe that this property follows for any CVI under a simple spectral assumption; indeed, this result only requires the homogeneity and naturality of L. Theorem 1.5. Let L be a natural Riemannian scalar invariant which is homogeneous. Assume additionally that for every flat manifold (M n , g), it holds that
for all h ∈ ker δ, with equality if and only if h is parallel. Then for any flat manifold (M n , g), there is a neighborhood U of g in the space of metrics such
When L is a CVI of weight −2k, the condition that (1.3) holds at all flat manifolds implies that L must be a nonzero multiple of the Q-curvature of order 2k, up to the addition of a CVI of weight −2k of order at most 2k − 2 in the metric; see Lemma 7.3 for details. Remark 7.4 gives an example of an invariant which satisfies the hypotheses of Theorem 1.5 but is not a CVI.
The crucial observation is that the assumptions of Theorem 1.5 are enough to imply the following spectral gap: There is a constant C > 0 such that
for all h ∈ ker δ, where −2k is the weight of L and C > 0. The results of this article depend only on being able to compute the first and second conformal variations of natural Riemannian scalar invariants and, in the case of Section 7, the second metric variation at flat metrics. These computations are all straightforward. Moreover, in many cases of interest -for example, at Einstein metrics -these computations are drastically simplified. We illustrate this in Section 8 via a thorough discussion of examples through two perspectives. First, we recall the definitions of the renormalized volume coefficients and the Qcurvatures via Poincaré metrics [26] and recall the fact that these invariants are all variationally stable at Einstein metrics with positive scalar curvature (see also [15] ). Second, we give bases for the spaces of CVIs of weight −2, −4, and −6 with enough detail to check which are variationally stable at Einstein metrics with positive scalar curvature. These examples show the wide applicability of our results to variational problems in Riemannian geometry.
This article is organized as follows:
In Section 2, we make precise the notion of a CVI and describe an algorithm due to Branson [5] for finding a basis of CVIs using Weyl's invariant theory.
In Section 3, we use the standard conformal primitive of a CVI to prove Theorem 1.1 and related results.
In Section 4, we introduce the notion of variational stability for a CVI L and explain its importance for the total L-curvature functional. This includes a discussion of the role of the space of conformal Killing fields in the study of variational properties of CVIs.
In Section 5, we introduce the notion of ellipticity for a CVI L and prove a number of results for elliptic, variationally stable CVIs, including Theorem 1.2, Theorem 1.3 and Theorem 1.4.
In Section 6, we describe the variational significance of the solutions of Γ * (f ) = λg for a CVI L. In particular, we prove the aforementioned generalization of Theorem 1.2.
In Section 7, we study CVIs in neighborhoods of flat metrics. In particular, we prove Theorem 1.5.
In Section 8, we discuss a number of examples of CVIs. In Subsection 8.1 we describe the renormalized volume coefficients and the Q-curvatures of all orders. In Subsection 8.2 we show how our methods recover the well-known facts that the scalar curvature is elliptic and variationally stable at Einstein metrics. In Subsection 8.3 we give a basis for the space of CVIs of weight −4 and describe the cones of CVIs which are elliptic and variationally stable at Einstein metrics with positive scalar curvature. In Subsection 8.4 we give a basis for the space of CVIs of weight −6 and check which basis elements are elliptic and variationally stable at Einstein metrics with positive scalar curvature.
Conformally variational invariants
Let M n be a smooth manifold and let M denote the space of Riemannian metrics on M . For each g ∈ M, we identify the formal tangent space T g M of M at g with S 2 T * M by identifying h ∈ S 2 T * M with the tangent vector to the curve t → g + th at t = 0. Using this identification, we equip T g M with the inner product
where ·, · g and dvol g are the inner product on S 2 T * M and the Riemannian volume element, respectively, induced by g.
A conformal class is an equivalence class C ⊂ M of metrics with respect to the equivalence relation g 1 ∼ g 2 if and only if g 2 = e 2Υ g 1 for some Υ ∈ C ∞ (M ). We regard T g C ∼ = C ∞ (M ) by identifying Υ ∈ C ∞ (M ) with the tangent vector to the curve t → e 2tΥ g at t = 0. The inner product on T g M induces the inner product
which is both polynomial in the finite jets of g and is invariant under the action of the diffeomorphism group Diff(M ) of M on M:
for all g ∈ M and all φ ∈ Diff(M ). This implies that L is a polynomial in g, g −1 , and the covariant derivatives of the Riemann curvature tensor. Similarly, a Riemannian functional is a function S : M → R which is invariant under the action of Diff(M ). Also, a natural Riemannian operator is both invariant under the action of Diff(M ) and a polynomial in g, g −1 , the Riemann curvature tensor, and the Levi-Civita connection. We also use the notation L g to denote the scalar invariant L(g); when the metric g is clear by context, we will simply write L for L(g).
A natural Riemannian scalar invariant L is homogeneous of degree −2k if
for all g ∈ M and all c > 0. For example, the scalar curvature is homogeneous of degree −2.
In terms of the identification
Naturality enables us to evaluate the metric linearization DL in the direction of a Lie derivative:
for all vector fields X on M , where L X denotes the Lie derivative.
Proof. Let X be a smooth vector field on M and let ψ t : M → M be a one-parameter family of diffeomorphisms such that ψ 0 is the identity and
Note that, in terms of the metric linearization of L,
It is for this reason we have opted to use such similar notation for the metric linearization and the conformal linearization. We shall differentiate between the two linearizations by always using square (resp. round) brackets and Latin (resp. Greek) characters for the metric (resp. conformal) linearization of a natural Riemannian invariant.
A natural Riemannian scalar invariant L is conformally variational in a conformal class C ⊂ M if there is a Riemannian functional S : M → R such that
for all g ∈ C and all Υ ∈ C ∞ (M ), where dvol g denotes the Riemannian volume element determined by g. We say that L is conformally variational if it is conformally variational in all conformal classes on which it is defined; note that some invariants (e.g. the Q-curvatures [32, 35] ) are only defined in sufficiently large dimensions.
Our definitions of the metric and the conformal linearizations of a natural Riemannian scalar invariant readily extend to Riemannian functionals. In this way, we write (2.3) as DS(Υ) = L, Υ ;
i.e. conformally variational Riemannian scalar invariants are gradients of natural Riemannian functionals. Indeed, a natural Riemannian scalar invariant L is conformally variational if and only if its conformal linearization is formally self-adjoint with respect to ·, · ; see [8] . In particular, a natural Riemannian invariant which is homogeneous of degree −2k is conformally variational if and only if there is a natural differential operator T : Ω 1 M → Ω 1 M which is symmetric on closed forms and such that
for all Υ ∈ T g C and all g ∈ C, where δω = tr ∇ω is the divergence operator on one-forms. A conformally variational invariant (CVI) is a conformally variational Riemannian scalar invariant which is homogeneous. The weight of a CVI is its degree of homogeneity.
For the remainder of this article, we reserve special notation for three objects related to the linearization of a CVI L. First, we denote by Γ :
for all f ∈ C ∞ (M ) and all h ∈ S 2 T * M . Third, we denote by S ∈ S 2 T * M the associated symmetric tensor S = −Γ * (1). One immediate consequence of (2.4) is that for any CVI of weight −2k on a closed n-manifold, the functional S(g) := L g dvol g is such that
In particular, if n = 2k, then L is the conformal gradient of
In other words, S − 1 2 Lg is the gradient of S. This observation facilitates a close comparison between our approach to the study of conformally variational Riemannian invariants and the approach taken by Gover and Ørsted [33] ; see Section 3 and Remark 4.2 for further comments on this comparison.
n is a closed manifold and L is a CVI of weight −n, then the functional g → L g dvol g is invariant in conformal classes. Instead, one can realize L as a conformal gradient in the following way (cf. [11] ): Let C be a conformal class on M and fix a background metric g 0 ∈ C. Define S : C → R by
where g = e 2u g 0 . It is straightward to check from (2.4) that L is the conformal gradient of S.
We conclude this section by discussing both an important example of a CVI and a general construction of CVIs. This construction is carried out explicitly in Section 8 to describe the vector spaces of CVIs of weight −2, −4, and −6.
First, the simplest and most studied example of a CVI is the scalar curvature R. It is well-known (e.g. [2, Section 1.J]) that
In particular, we compute that
and hence R is a CVI of weight −2. From (2.8) we also recover the familiar formula
for the adjoint of the linearization of R. In particular, we see that S = Ric. The map Γ * and the tensor Ric both play an important role in studying variational problems involving the scalar curvature (cf. [2, 18, 27] ).
Second, we restrict our attention to the classes I n 2k of CVIs of weight −2k which are defined on any Riemannian manifold of dimension n ≥ 2k. This restriction ensures that Riemannian invariants defined via the Fefferman-Graham ambient metric [26] are well-defined. By Weyl's invariant theory [23, 64, 67] , the vector space R n 2k of scalar Riemannian invariants of weight −2k defined on any Riemannian manifold of dimension n ≥ 2k is spanned by complete contractions
where r := r j is even and r + 2j = 2k. In particular, R n 2k = {0} unless k is a nonnegative integer, and R n 0 ∼ = R consists of the constant functions. We say that L is a nontrivial CVI if it is homogeneous of weight −2k, k ∈ N.
Consider the case n > 2k and let im δ ⊂ R n 2k denote the subspace of exact divergences. Since n > 2k, we conclude from (2.5) that R n 2k / im δ is isomorphic to I n 2k . Indeed, the map Φ :
L. This provides an explicit method to identify I n 2k from a basis of R n 2k / im δ on Riemannian n-manifolds with n > 2k. To handle the case n = 2k, recall that Gilkey showed [30] that R 2k 2k is isomorphic to R n 2k for all n ≥ 2k, with the restriction map induced by the inclusion of M 2k in the Riemannian product M 2k × T n−2k with a flat torus as an explicit isometry. Thus, by choosing a suitable basis for R n 2k / im δ above, one can analytically continue in the dimension to identify a basis for I 2k 2k ; see [5] for further discussion. For our purposes, where we only give explicit bases for I n 2k , k ∈ {1, 2, 3} and n ≥ 2k, it is simple to directly check that this argument provides a basis for I 2k 2k without a precise formulation of analytic continuation in the dimension. These bases are derived in Section 8.
Schur-type results for CVIs
Two well-known relationships between the Ricci curvature Ric and the scalar curvature R are the trace identity tr Ric = R and the consequence δ Ric = 1 2 dR of the second Bianchi identity. These readily yield Schur's lemma: If n ≥ 3 and (M n , g) is such that Ric = λg, then λ is constant. More recently, De Lellis and Topping [49] proved an L 2 -version of this result under the name "almost Schur lemma" for manifolds with nonnegative Ricci curvature; see [28, 29] and [47] for analogues for manifolds with nonnegative scalar curvature and Ricci curvature bounded below, respectively. The almost Schur lemma was generalized to the fourth-order Qcurvature and its associated tensor S by the second-and third-named authors [52] . In this section we show that their result generalizes to any CVI; note that the observations leading to the analogue of Schur's lemma have already been pointed out by Gover and Ørsted [33] .
We begin with two basic observations relating a CVI L to the trace and divergence of the associated operator Γ * (see Section 2).
Proof. Let f, u ∈ C ∞ (M ) with u compactly supported. We compute that
where the last identity follows from the fact that DL is self-adjoint. The conclusion now follows from the expression (2.4) for the conformal linearization of a CVI.
Proof. Let X be a compactly-supported smooth vector field on M . Since the formal adjoint of the divergence δ is − 1 2 L X g, we observe that
where the final equality uses (2.1).
Lemma 3.1 and Lemma 3.2 immediately yield the following analogue of Schur's Lemma for CVIs.
) is a connected Riemannian manifold such that n = 2k and S = λg for some function λ ∈ C ∞ (M ), then λ and L are both constant.
Proof. Set (3.1)
From Lemma 3.1, we conclude that S 0 is trace-free. In particular, S = λg if and only if S 0 = 0. Applying Lemma 3.2, we compute that
It follows that if n = 2k and S 0 = 0, then dL = 0. Since M is connected, L is constant. Since nλ = tr S = kL, we see that λ is also constant.
A straightforward adaptation of the proof of De Lellis and Topping [49] for the scalar curvature yields Theorem 1.1. Indeed, we prove the following stronger result:
) be a compact Riemannian manifold with n > 2k and Ric ≥ 0. Then
where
is the average of L. Moreover, if Ric > 0, then equality holds in (3.3) if and only if S 0 = 0 for S 0 as in (3.1).
Applying the Cauchy-Schwarz inequality, we conclude that
On the other hand, the Bochner formula and the assumption Ric ≥ 0 together imply that
Inserting this into (3.5) and using (3.4) yields (3.3). Finally, if Ric > 0, then equality holds in (3.6) if and only if u is constant. It readily follows from (3.3) and (3.4) that if Ric > 0 and equality holds in (3.3), then S 0 = 0.
Variational Stability
A fundamental property of CVIs is that they are conformal gradients of Riemannian functionals: If L is a CVI, then there is a conformal primitive S : C → R with conformal gradient equal to L. For the remainder of this article, when the dimension n is understood from context, the standard conformal primitive to a CVI L of weight −2k is given by
if n = 2k, and by (2.7) if n = 2k. By restricting a conformal primitive to a volume-normalized conformal class (4.1)
determined by a background Riemannian manifold (M n , g 0 ), one obtains a functional whose critical points are exactly those metrics for which L is constant.
Lemma 4.1. Let L be a CVI with conformal primitive S. Then (M n , g) is a critical point of S : C 0 → R if and only if L is constant.
Proof. With the identification T g C ∼ = C ∞ (M ), we see that
The result follows readily from the method of Lagrange multipliers.
As discussed in the introduction, there are many examples of CVIs for which the extreme value of the standard conformal primitive in C 0 has geometric content. In this section we develop tools aimed at studying all CVIs for which this is the case. These tools are based on the behavior of S : C 0 → R to second order near its critical points.
Given a CVI L with standard conformal primitive S and a Riemannian manifold (M n , g), one cannot expect that the minimizers of S : C 0 → R, if they exist, are unique or even isolated. This is already observed on the round spheres, due to the existence of nontrivial conformal Killing fields. A conformal Killing field is a vector field X on M such that L X g = 2Υg for some Υ ∈ C ∞ (M ); if Υ does not vanish identically, we say that X is nontrivial. Note that the trivial conformal Killing fields are exactly the Killing vector fields, and that the condition that X be a conformal Killing field is conformally invariant.
Let K denote the space of conformal Killing fields. If X ∈ K, then its flow ψ t generates a curve t → ψ * t g in C 0 . Since S is a Riemannian functional, it is constant along this curve. It follows that the functional S is constant on the submanifold
where Con 0 (M ) ⊂ Diff(M ) is the connected component of the identity in the Lie group Con(M ) of diffeomorphisms which preserve C,
When g is understood by context, we write K for K(g). Note that the tangent space to K at g ∈ C 0 is, via the identificiation
Remark 4.2. As observed by Gover and Ørsted [33] , the invariance of S along K yields a Kazdan-Warner-type obstruction to solutions of L g = f in C 0 ; see also [3, 20] .
It is a well-known fact that if (M n , g) is a Riemannian manifold with constant scalar curvature which admits a nontrivial conformal Killing field, then 2J is an eigenvalue of the Laplacian [50, 70] , where J = R/2(n − 1) is the trace of the Schouten tensor. Indeed, for every Υ ∈ T g K, it holds that
This fact generalizes to CVIs:
Proof. Let X be a conformal Killing field with L X g = 2Υg. Since L is constant, XL = 0. Lemma 2.1 and (2.4) then imply that
The upshot of the above discussion is that if (M n , g) is a minimizer of S : C 0 → R, then L is constant and S is minimized along K. We are interested in those critical points for which S is minimized to second order along K.
where g t is a smooth one-parameter family of metrics in C 0 with g 0 = g and
. Since g is a critical point of S, this is independent of the choice of curve g t .
One expects that for a given CVI L, the second conformal variation D 2 S is independent of the choice of conformal primitive. The following lemma verifies this by computing D 2 S in terms of the conformal linearization of L.
Proof. Let t → g t ∈ C 0 be a curve with g 0 = g and
On the other hand, since g t ∈ C 0 , it holds that
Since L is constant, these two identities together yield (4.5).
Lemma 4.5 implies that variational stability is equivalent to a spectral condition on the conformal linearization. Corollary 4.6. Let S be a conformal primitive for a CVI L. Let (M n , g) be a compact Riemannian manifold with L constant. Then the Hessian of S :
In particular, L is variationally stable at g if and only if DL is a nonnegative operator and ker DL = T g K.
Proof. It follows immediately from (2.4) that
Lemma 4.5 thus yields (4.6). The final conclusion follows immediately from the definition of variational stability and Proposition 4.3.
One of our long-term goals is to find necessary and sufficient conditions for a CVI to be extremized at Einstein metrics of positive scalar curvature in their conformal class. Two obvious necessary conditions are that the CVI be constant at all Einstein metrics and be variationally stable at all Einstein metrics with positive scalar curvature. For many explicit examples of CVIs, it is clear whether they are constant at all Einstein metrics (cf. Section 8). Checking whether such CVIs are variationally stable at Einstein metrics with positive scalar curvature is made relatively simple by means of the Lichnerowicz-Obata Theorem [50, 56] .
) be an Einstein manifold with positive scalar curvature. Then λ 1 (−∆) ≥ 2J with equality if and only if (M n , g) is isometric to the round n-sphere. In particular, if Υ ∈ T g K, then Υ = 0 or (M n , g) is isometric to the round n-sphere.
Proof. Since Ric = (2J/n)g > 0, the Lichnerowicz-Obata Theorem implies that λ 1 (−∆) ≥ 2J with equality if and only if (M n , g) is isometric to the round nsphere [50, 56] .
Suppose that Υ ∈ T g K. Let X ∈ K be such that L X g = 2Υg. Since J is constant, Proposition 4.3 implies that −∆Υ = 2JΥ. By the previous paragraph, if Υ = 0, then (M n , g) is isometric to the round n-sphere.
Note that Lemma 4.7 recovers the well-known characterization of K(g) at an Einstein metric with positive scalar curvature (see [71] ). In particular, it implies that if L is a CVI which is variationally stable at all Einstein metrics with positive scalar curvature, then for each Einstein manifold (M n , g), either g minimizes S to second order or (M n , g) is isometric to the round n-sphere and K(g) minimizes S to second order.
Ellipticity and solvability of L
We now turn to solving, at least locally, the problem of prescribing a CVI within a given conformal class. One expects a general existence theory when restricting to the class of elliptic CVIs.
A CVI L is elliptic if it is elliptic at every Riemannian manifold.
Recalling the formula (2.4) for the conformal linearization of a CVI, we see that L is elliptic at (M n , g) if and only if the operator −δT d is elliptic. For example, the scalar curvature and Branson's Q-curvatures [5] are elliptic CVIs, but the σ 2 -curvature is only elliptic in a subcone of C (see [65] ). Further examples are discussed in Section 8. The existence of elliptic cones for a CVI is a general phenomenon:
One consequence of ellipticity is that variational stability implies local stability.
Proposition 5.3. Let L be a CVI which is variationally stable and elliptic at (M n , g) and let S be a conformal primitive for L. If L g is constant, then there is a neighborhood U ⊂ C 0 of g such that
for all g ∈ U , with equality if and only if g ∈ U ∩ K.
Proof. This is a consequence of the Morse Lemma for Banach spaces in normal variables [27, p. 543]:
Let ℓ ∈ N be sufficiently large so that the space C ℓ,α 0 of volume-normalized C ℓ,α -metrics conformal to g is a Banach manifold and S : C ℓ,α → R is C 2 . Then K is a finite-dimensional submanifold of C ℓ,α and S| K is constant. Since L g is constant, the derivative dS : T g C ℓ,α 0 → R vanishes identically. Since K is the orbit of g under the action of Con 0 (M ), we conclude that dS vanishes along K.
Let E g ⊂ T g C ℓ,α be the orthogonal complement to T g K with respect to the inner product ·, · . By assumption, L g is the gradient of S. Since L is a CVI, DL g is formally self-adjoint, and hence maps E g to E g . Since L is variationally stable at g, it holds that DL g : E g → E g is positive definite. Thus DL g is injective. Finally, since L is an elliptic CVI at g, its gradient DL g is Fredholm and of index zero. Thus DL g is surjective. We may thus apply [27, Lemma 5, p. 543] to conclude that there is a neighborhood U ⊂ C ℓ,α 0 of K such that S( g) ≥ S(g) for all g ∈ U , with equality if and only if g ∈ U ∩ K, as desired.
Another application of ellipticity is to the solvability of the equation L g = f . However, even for elliptic CVIs, there are obstructions to this problem (e.g. Remark 4.2). Infinitesimally, the failure of Γ to be surjective, or equivalently Γ * to be injective, gives an obstruction to this problem.
Lemma 5.4. Let L be a CVI which is elliptic at (M n , g). Then Γ * has injective principal symbol. In particular,
Proof. By Lemma 3.1, the trace of the principal symbol of Γ * is the principal symbol of DL : T g C → C ∞ (M ). Since the latter is invertible, Γ * has injective principal symbol. The splitting (5.1) then follows from the Berger-Ebin splitting theorem [1] .
Lemma 5.4 provides the essential tool to prove Theorem 1.2.
Proof of Theorem 1.2. Since ker Γ * = {0}, Lemma 5.4 implies that L : M → C ∞ (M ) is a submersion at g. The conclusion then follows from the Implicit Function Theorem on Banach spaces (see [48] ).
Lemma 5.4 and Theorem 1.2 show that ker Γ * is an object of geometric interest. Motivated by other natural geometric problems involving CVIs (e.g. Section 6 below), we introduce the following terminology.
By (2.6) and Proposition 3.3, if n > 2k and (M n , g 0 ) is a critical point of the restriction of the total L-curvature functional to
Under the additional assumption that L g ≡ 0, this problem is globally unobstructed (cf. [51] ).
Proof. Let −2k, k ∈ N be the weight of L. Let V be as in Theorem 1.2 and choose ε > 0 be sufficiently small so that
In order to apply Theorem 1.2 and Corollary 5.6, we would like a test for whether a Riemannian manifold is not L-singular. For elliptic CVIs of low weight, Theorem 1.3 gives a sufficient condition: If L g is nonconstant, then (M, g) is not L-singular. Indeed, we conclude that (M, g) is not L-critical. Generalizing the approach to R-critical [53] and Q 4 -critical metrics [52] , we prove Theorem 1.3 by using the weak unique continuation property.
) is such that DL g satisfies the weak unique continuation property. Let f ∈ C ∞ (M ) be such that
Proof. Since Γ * (f ) = λg, Lemma 3.2 implies that
Suppose that L g is not constant. Then there is a nonempty open set U ⊂ M such that (dL) x = 0 for all x ∈ U . It follows from (5.2) that f | U ≡ 0. Since DL g satisfies the weak unique continuation property, we conclude that f ≡ 0.
There are some ways to conclude that L g is constant without knowing that DL g satisfies the weak unique continuation property. For example, L-critical manifolds which are not L-singular have constant L-curvature. A more refined statement is as follows: Proposition 5.9. Let L be a CVI. Let (M n , g) be a Riemannian manifold such that there is a function f ∈ C ∞ (M ) such that Γ * (f ) = λg for some nonzero constant λ ∈ R. Then L g is constant.
Proof. Suppose to the contrary that L g is nonconstant. As in the proof of Theorem 5.8, there is a nonempty open set U ⊂ M such that f | U ≡ 0. On the other hand, Lemma 3.1 and the condition Γ * (f ) = λg together imply that
By considering (5.3) in U , we see that λ = 0, a contradiction.
We are aware of conditions which imply the weak unique continuation property for two general classes of differential operators. The first [61] applies to differential operators of the form ∆ k + l.o.t., where "l.o.t." refers to terms of order at most ⌊3k/2⌋. The second [73] applies to differential operators for which the roots of the principal symbol have low multiplicity. The latter situation is most relevant for the study of elliptic CVIs, and can be summarized as follows:
). Fix a nonzero vector v ∈ R n . Given a vector ξ ∈ R n orthogonal to v, denote s ξ (t) := σ(F )(ξ + tv), where σ(F ) is the principal symbol of F . Let
denote the number of complex roots of s ξ with positive imaginary part is constant over M . Suppose either (1) N (x) ≤ 2 for all x ∈ M , or (2) N (x) = 3 for all x ∈ M . Then F satisfies the weak unique continuation property.
Proof. Since F is elliptic, the roots of s ξ are non-real and come in pairs a±ir, r > 0. Since F is natural, σ(F ) is invariant under the action of the orthogonal group, and hence the multipicities of these roots depends only on the angle between v and ξ. The conclusion then follows from [ Proof of Theorem 1.3. Suppose first that DL g , as a differential operator, is of order at most four. Then Theorem 5.10 implies that DL g satisfies the weak unique continuation property. From Theorem 5.8 we conclude that if L g is nonconstant, then (M n , g) is not L-critical. Suppose next that L g has weight −2k, k ∈ {1, 2, 3}. From Weyl's invariant theory, we conclude that DL g is of order at most 2k. Moreover, if DL g is of order exactly 2k, then the leading order term of DL g is a nonzero multiple of (−∆) k . In particular, either DL g is of order at most four or the principal symbol of DL g is a nonconstant multiple of the principal symbol of (−∆) 3 . In either case, Theorem 5.8 and Theorem 5.10 together imply that if L g is nonconstant, then (M n , g) is not L-critical.
An immediate consequence of Theorem 1.3 is that if L is an elliptic CVI of weight −2k, k ≤ 3, at (M n , g), n = 2k, and (M n , g) is L-critical, then g is a critical point of the total L-curvature functional in the volume-normalized conformal class C 0 .
One wonders if such manifolds are in fact critical points of the total L-curvature functional in the space of volume-normalized Riemannian metrics M 0 . A partial affirmative answer is given by the following stronger form of Theorem 1.4: Theorem 5.11. Let L be a CVI of weight −2k and let (M n , g) be an L-critical manifold for which L g is constant. Let f ∈ C ∞ (M ) be a nontrivial function such that Γ * (f ) = λg for some λ ∈ R. If L is elliptic and variationally stable at g, then f = f 0 + f , where f = ( f )/( 1) is the average of f and f 0 ∈ K. In particular, if (M n , g) has no nontrivial conformal Killing fields and n = 2k, then (M n , g) is a critical point of the total L-curvature functional S : M 0 → R.
Remark 5.12. By Theorem 1.3, if k ≤ 3, then we do not need to assume that L g is constant.
Proof. Since Γ * (f ) = λg, we conclude from (5.3) that
Since L is constant, (5.3) implies that kLf = −nλ.
Since L is variationally stable, it follows that f 0 ∈ K. If f 0 = 0, then f is a (necessarily nonzero) constant. Hence S = −(λ/f )g. We then conclude from (2.6) that (M n , g) is a critical point of S : M 0 → R.
As a consequence of Theorem 1.3, we can generalize the characterizations of nontrivial Einstein R-critical manifolds [54] and nontrivial Einstein Q 4 -critical manifolds [51] to the case of CVIs which are variationally stable and elliptic at Einstein metrics with positive scalar curvature.
Corollary 5.13. Let (M n , g) be an Einstein manifold with positive scalar curvature and let L be a CVI which is constant, variationally stable, and elliptic at g. If there is a nonconstant function f such that Γ * (f ) = λg for some λ ∈ R, then (M n , g) is homothetic to the round n-sphere and f = ax + b for constants a, b ∈ R, where x is a first spherical harmonic.
Remark 5.14. If L is of weight −2k ≥ −6, then we do not need to assume that L g is constant.
Proof. This follows immediately from Lemma 4.7 and Theorem 5.11.
A variational interpretation of L-critical metrics
In the case when L is the scalar curvature, Miao and Tam [53] gave a variational characterization of L-critical metrics as critical points of the volume functional on the space of metrics of fixed constant scalar curvature on a compact manifold with fixed boundary metric. This characterization plays an important role in studying scalar curvature rigidity on manifolds with boundary (e.g. [19, 55, 72] ). In this section we give an analogous characterization of L-critical metrics near a metric g at which L is elliptic and variationally stable, in the case when the underlying manifold is closed (i.e. has no boundary).
Roughly speaking, the above claim is that solutions to Γ * (f ) = λg correspond to critical points of the volume functional on the space of metrics with L-constant; see Theorem 6.2 below for a precise statement. There are two approaches to this problem, based on two ways to eliminate the scaling symmetries of the equation Γ * (f ) = λg. One such symmetry is that if Γ * (f ) = λg, then Γ * (cf ) = cλg for all c ∈ R. The other is that if Γ * g (f ) = λg, then Γ * c 2 g (f ) = c −2k λ(c 2 g), where −2k is the weight of L. Thus we can eliminate the scaling symmetry either by fixing a normalization of f and considering the volume functional on
or instead by fixing the normalization of L by studying the volume functional on
We shall take the latter approach, following [19] . The former approach was used by Koiso [46] to study the manifold of metrics with constant scalar curvature; see also [2, Section 4.F].
Assume that M K L is not empty. We begin by giving sufficient conditions on L and g ∈ M K L to guarantee that there is a neighborhood of g in M K L which has the structure of a Banach manifold when completed with respect to the C ℓ,α -norm for ℓ sufficiently large. A key point is that these conditions depend only on the conformal linearization of L at g.
L . Moreover, with respect to the identification
. Since L is elliptic and ker Γ * = {0}, Lemma 5.4 implies that D 2 F (g, 0) is surjective. The Implicit Function Theorem then implies that there is a neighborhood U ⊂ M of g and a smooth function Φ :
The identification (6.2) readily follows. An adaption of the argument of Corvino, Eichmair and Miao [19] leads to the following variational characterization of solutions to Γ * (f ) = g. Theorem 6.2. Let M be a compact manifold and let K ∈ R. Let L be a CVI and assume the space M K L defined by (6.1) is nonempty. If g is such that L is elliptic at g and ker Γ * = {0}, then g is a critical point of Vol :
Proof. Suppose that g is a critical point of Vol : M K L → R. Let h ∈ T g M and set g t = g + th for t ∈ (−ε, ε) with ε > 0 sufficiently small. By Lemma 6.1, there is a smooth family Υ t ∈ C ∞ (M ) such that Υ 0 = 0 and L g t = K for g t := e 2Υt g t ∈ M K L . By construction of g t , we have that
Since ker Γ * = {0} and L is elliptic at g, Lemma 5.4 implies that there is a unique function f such that DL(f ) = 2n. Therefore
where the last equality uses the fact that L is conformally variational. Using (6.3), we conclude that
Equation (6.4) then implies that
Since h is arbitrary, we conclude that
and let t → g t be a smooth curve in M K L with g 0 = g and ∂ ∂t t=0 g t = h. We then compute that
where the last equality follows from the characterization (6.2) of T g M K L . Remark 6.3. We expect similar results to hold for compact manifolds with boundary. Carrying this out requires a discussion of scalar boundary invariants associated to L, which is beyond the scope of this article. Suitable boundary invariants are known in certain cases, such as the σ k -curvatures [17] and the fourth-order Qcurvature [13] .
Generalizing Theorem 1.2, for an elliptic CVI L on a compact Riemannian manifold (M n , g) with boundary, the problem of simultaneously prescribing L and Vol(M ) is locally (near g in M) unobstructed if (M n , g) is not L-critical. This was observed in the case when L is the scalar curvature by Corvino, Eichmair and Miao [19] . Theorem 6.4. Let L be a CVI which is elliptic at a compact Riemannian manifold
It follows that its adjoint (DΘ
Since L is elliptic at g, an argument analogous to the proof of Lemma 5.4 implies that (DΘ g ) * has injective principle symbol. Since (M n , g) is not L-critical, it holds that ker (DΘ g ) * = {0}. Therefore C ∞ (M ) = im DΘ g . The conclusion now follows from the Implicit Function Theorem on Banach spaces.
Rigidity
It is known that the scalar curvature [27] and the Q-curvature [51] are locally rigid at flat metrics: Locally in M, flat metrics are the only metrics for which the corresponding scalar invariant is nonnegative. Indeed, Schoen and Yau [62, 63] and Gromov and Lawson [40, 41] proved global rigidity of the scalar curvature, and Lin and Yuan [51] have given partial results towards global rigidity for the Q-curvature.
In this section we study the corresponding question for CVIs: Under what condition can we determine that a CVI is locally rigid at flat metrics? Similar to Section 4, we address this question through a spectral invariant determined by the CVI in question.
is infinitesimally rigid at flat metrics if for every flat manifold (M n , g), it holds that
for all h ∈ ker δ g , with equality if and only if
Here S 2 (M ) denotes the space of smooth sections of
) is a flat manifold, then P locally parameterizes the space of flat metrics near g in M.
A key consequence of infinitesimal rigidity is the following spectral gap.
Lemma 7.2. Let L be a CVI of weight −2k, k ∈ N, which is infinitesimally rigid at flat manifolds. If (M n , g) is a closed flat manifold with n ≥ 2k then there is a constant C > 0 such that
) is flat and L has weight −2k, it follows from Weyl's invariant theory and the formulae for the variations of the Levi-Civita connection and the Riemann curvature tensor that, modulo divergences,
) is flat, we may reorder the derivatives. We may even do so across the tensor product, working modulo divergences. With these freedoms, we see that if δ g h = 0, then the only nonvanishing complete contractions are |∇ k h| 2 and |∇ k tr h| 2 , modulo divergences. Hence there are constants A, B ∈ R independent of h such that
for all h ∈ ker δ g . Define the injective map E :
n Υ g, where f is the unique solution of the equation
and Υ denotes the average of Υ with respect to dvol g . Since g is flat, we see that E takes values in ker δ g . Indeed, E gives an orthogonal decomposition
with respect to the L 2 -inner product, where S 2 T T (M ) := ker δ g ∩ker tr g and C ∞ (M ) denotes the image of E. To see this, let h f := E(tr g h) and note that h T T := h − h f is an element of S 2 T T (M ). The conclusion that S 2 T T (M ) and C ∞ (M ) are orthogonal follows from integration by parts and the flatness of g.
Taking a non-parallel h T T ∈ S 2 T T (M ) and applying the infinitesimal rigidity of L at flat metrics, we get
and hence A < 0. Similarly, let Υ ∈ C ∞ (M ) and set h f := E(Υ). Using integration by parts and the definition (7.4) of f , we compute that
where we used the fact that, at flat metrics,
Since L is infinitesimally rigid at flat metrics, we conclude that 1 n−1 A + B < 0. Combining the above observations, we compute that
The spectral gap of Lemma 7.2 enables us to generalize the proofs of the rigidity results for the scalar curvature [27] and the Q-curvature [51] to provide a proof of Theorem 1.5.
Proof of Theorem 1.5. Let −2k be the weight of L. From Ebin's slice theorem [22] , there are constants N, ε 1 > 0 depending only on (M, g) and k such that for all metrics g with g − g C 2k < ε 1 , there exists a diffeomorphism ϕ :
Note that the volume element dvol g is fixed independently of g. Suppose that g is a metric such that L(g) ≥ 0 and there is a diffeomorphism ϕ : M → M such that h := ϕ * g − g is divergence-free. Considering the decomposition h = h || + h ⊥ , where h || ∈ P and h ⊥ ∈ P ⊥ , we can take g + h || to be the flat background metric we considered and hence we may further assume that h ∈ P ⊥ . Using Weyl's invariant theory, we readily check that F (g) = 0 and
Next, from Lemma 7.2 we conclude that
Using Weyl's invariant theory and the fact that the linearization of the LeviCivita connection (resp. Riemann curvature tensor) is a polynomial in ∇h (resp. ∇ 2 h), we estimate that
for some constant C 1 > 0 depending only on (M n , g) and k, where g t = g + th. To achieve this estimate, we use the fact that the third derivative F (3) (g t ) is the integral of a polynomial in covariant derivatives (with respect to g t ) of h and the Riemann curvature tensor of g t , taken with respect to dvol g ; using integration by parts, this can be written so that one copy of h is undifferentiated, and the assumption g − g C 2k < ε 1 can be used to estimate the result in terms of g.
Before we give a further estimate of the tail term above, we briefly discuss a generalization of the usual Poincaré inequality to the space of tensors on a manifold: Assume (M, g) is a Riemannian manifold and fix 1 ≤ p ≤ ∞ and r, s ∈ N ∪ {0}. There is a positive constant α 1 = α 1 (p, r, s, g) such that for any (r, s)-tensor T we have
is the projection of T to the corresponding space of parallel tensors. Applying (7.9) repeatedly, we get a higher-order version:
for j ∈ N. The proof of (7.9) is an easy generalization of the analogous statement for functions (see, for example, [24] ), and will be omitted. Applying (7.10) to (7.8), we have the estimate
Combining (7.6), (7.7), and (7.11) yields
Set ε = min{ε 1 , C/N C 2 } and suppose that g satisfies L(g) ≥ 0 and g − g C 2k < ε. Let ϕ and h be determined by Ebin's slice theorem. It follows from (7.12) that ∇ k h = 0. Integration by parts yields |∇ k−1 h| 2 = 0. Thus ∇ k−1 h = 0. Continuing in this manner yields ∇h = 0; i.e. h is parallel and hence h = 0. Therefore ϕ * g = g, and hence g, is flat.
In practice, we expect that Theorem 1.5 will be most useful when applied to CVIs. In this case, the condition that a CVI L of weight −2k be infinitesimally rigid at flat metrics implies that it must equal a nonzero multiple of the Q-curvature of order 2k, up to the addition of lower order CVIs in the metric. This is an immediate consequence of the following lemma.
Lemma 7.3. Let L be a CVI of negative weight −2k, k ∈ N, which is infinitesimally rigid at flat metrics. Then there is a constant c = 0 such that for any flat manifold (M n , g), n ≥ 2k, it holds that S g = 0 and
Remark 7.4. The assumption that L is a CVI is necessary. Indeed, −R 2 is a natural Riemannian scalar invariant which is homogeneous and satisfies (7.1) at flat metrics. However, −R 2 is not conformally variational, and clearly D(−R 2 ) g ≡ 0 at flat metrics.
Proof. Since n ≥ 2k > 0, Weyl's invariant theory implies that L is a linear combination of scalars of the form (2.10). This has two consequences for us: First, L ≡ 0 if g is flat. Second, there is a constant c ∈ R such that L ≡ c(−∆) k−1 R modulo terms at least quadratic in Rm. In particular, if g is flat, then
Integrating this against dvol yields S = 0, while restricting to divergence-free h yields (7.13).
Suppose that c = 0. Then DL vanishes identically and L is a linear combination of scalars of the form contr ∇ 2j Rm ⊗∇ 2k−2j−4 Rm , 0 ≤ j ≤ k − 2, modulo terms at least third-order in Rm. Since g is flat, we have that (see [2] ) (7.14)
M ) and set h = E(Υ) for E as in (7.5) . From (7.14) we readily conclude that
Recalling that L has no terms which are linear in Rm, we conclude that
In particular, since L is infinitesimally rigid at flat metrics, we have that
with equality if and only if Υ is constant. We now derive a contradiction to (7.15) . Recall from (2.4) that
Examples of CVIs
We conclude by discussing examples of CVIs through two families. First, in Subsection 8.1 we describe Branson's Q-curvatures [5, 26] and the renormalized volume coefficients [36] from the point of view of CVIs, noting in particular that they provide two families of CVIs of weight −2k, k ∈ N, which are positive and variationally stable at any Einstein metric with positive scalar curvature. Second, we give bases for the spaces of CVIs of weight −2k, k ∈ {1, 2, 3}, on Riemannian manifolds of dimension n ≥ 2k, and illustrate the relative ease with which one can check which such CVIs are variationally stable at any Einstein metric with positive scalar curvature.
We express our bases for the spaces of CVIs of weight at least −6 in terms of covariant derivatives of the tensors
R,
on a Riemannian n-manifold, where R ijkl is the Riemannian curvature tensor
Note that P ij is the Schouten tensor, W ijkl is the Weyl tensor, C ijk is the Cotton tensor, and B ij is the Bach tensor. Our derivation requires the divergence formulae
We also require the conformal linearizations of these tensors. Recall the well-known variational formulae (e.g. [2, Chapter 1])
for all one-forms ω j . From these formulae it is straightforward to compute that
8.1. Q-curvatures and renormalized volume coefficients. Given k ∈ N, the k-th renormalized volume coefficients v k and the Q-curvatures Q 2k of order 2k provide important examples of CVIs defined on any Riemannian manifold (M n , g) of dimension n ≥ 2k which are elliptic and variationally stable at any Einstein metric with positive scalar curvature. One way to derive these properties is through their definitions in terms of Poincaré metrics, as we briefly summarize below.
A Poincaré manifold is a triple (X n+1 , M, g + ) consisting of a complete Riemannian manifold (X n+1 , g + ) such that X is (diffeomorphic to) the interior of a compact manifold X with boundary M = ∂X and for which there is a defining function r : X → [0, ∞) such that (1) M = r −1 (0) and dr is nowhere vanishing along M , (2) r 2 g + extends to a C n−1,α metric on X, and (3) the metric g + is asymptotically Einstein:
where i : M → X is the inclusion mapping. If r is a defining function as above and Υ ∈ C ∞ (X), then e Υ r is also a defining function. Thus only the conformal infinity (M, [i * (r 2 g + )]) is determined by a Poincaré manifold. Conversely, Fefferman and Graham showed [26] that given any conformal manifold (M n , [h]), there exists a Poincaré manifold with that conformal infinity. Indeed, they showed that the Poincaré metric can be put into a canonical local form near the boundary, in the sense that for any representative h ∈ [h], there is a geodesic defining function r, asymptotically unique near M , such that
where h r is a one-parameter family of metrics on M ∼ = {r} × M such that h 0 = h. Moreover, the metric g + is uniquely determined to order O(r n ) by h; indeed, (8.2)
with each of the terms h (j) , j ≤ n, a natural Riemannian tensor determined only by h and vanishing if j is odd. Additionally, the term h (n) is trace-free. The term H is not locally determined, but its trace tr h H is a natural Riemannian invariant determined only by h. Moreover, if n is odd, then tr h H = 0. For the remainder of this subsection, we let (M n , h) be a Riemannian manifold and associate to it a Poincaré manifold (X n+1 , M n , g + ) and a geodesic defining function r.
To define the renormalized volume coefficients, let dvol g+ be the Riemannian volume element of g + . It follows from (8.2) that near M , the asymptotic expansion
contains only even terms v k until order o(r n+1 ). Moreover, the terms v k , k ≤ n/2, are complete contractions of polynomials in h, h (j) , tr h H, 2 ≤ j < n even, and hence are natural Riemannian invariants. For each k ∈ N with k ≤ n/2, we call v k the k-th renormalized volume coefficient. Clearly v 0 = 1, and our normalization is such that v 1 = σ 1 = J and v 2 = σ 2 = 1 2 (J 2 − |P | 2 ); see [37] . Graham showed [37, Theorem 1.5] (see also [43] ) that the renormalized volume coefficients are CVIs for all k ≤ n/2 by directly computing the conformal linearization of v k . In particular, using the fact that if (M n , h) is Einstein, then the normal form (8.1) of the Poincaré metric g + is
one can conclude that
at any Einstein metric (M n , h), where T k−1 is the (k−1)-th Newton tensor; see [65] . In this way, Chang, Fang and Graham [15] showed that the renormalized volume coefficients are elliptic and variationally stable at any Einstein manifold with positive scalar curvature.
To define the Q-curvatures, we first recall the construction of the GJMS operators [38] via Poincaré metrics. Given f ∈ C ∞ (M ), Graham and Zworski showed [39] that there is a function u ∈ C ∞ (X) which is a solution to the equation
log r with F, G ∈ C ∞ (X) and F | M = 1. Moreover, F mod O(r 2k ) and G| M are determined by h and f . In particular, one may define the operator P 2k by (8.6)
With this normalization, P 2k is a formally self-adjoint conformally covariant operator with leading order term (−∆) k . Indeed, P 2k is the GJMS operator [38] of order 2k. Note that u = 1 is clearly a solution to (8.5) when k = n/2, and hence P n (1) = 0 whenever n is even.
When k < n/2, the Q-curvature of order 2k, is Q 2k := 2 n−2k P 2k (1). Thus Q 2k is a natural Riemannian scalar invariant. The conformal covariance of P 2k implies the conformal transformation law
When n is even, Fefferman and Graham [25] showed that there is a formal solution u ∈ C ∞ (X) to the equation
of the form u = log r + A + Br n log r with A, B ∈ C ∞ (X) and A| M = 0. Moreover, A mod O(r n ) and B| M are determined by h. The critical Q-curvature is
for c n/2 as in (8.6). It is apparent from the construction that Q n is a natural Riemannian scalar invariant. Comparison with the definition (8.6) of P n leads to the conformal transformation law
for g = e 2Υ g. Combining (8.7) and (8.8) yields the conformal linearization
for all k ≤ n/2, where (P 2k ) 0 is the GJMS operator P 2k with the constant term removed; i.e. (P 2k ) 0 (Υ) := P 2k (Υ) − ΥP 2k (1) . This recovers the well-known fact that the Q-curvatures are elliptic CVIs. Moreover, if (M n , h) is an Einstein metric, then the GJMS operators factor [26, 31] as products of Schrödinger operators, (8.10)
Combining (8.9) and (8.10), one sees that the Q-curvatures are positive and variationally stable at Einstein metrics with positive scalar curvature. In fact, it is straightforward to check that at such a metric, DQ 2k can be written as a composition (−∆ − 2J) • F for F a positive operator which commutes with (−∆ − 2J).
8.2.
CVIs of weight −2. Up to scaling, Weyl's theorem implies that J is the only natural Riemannian invariant of weight −2. Recall from (2.9) that
Thus J is elliptic. From the Lichernowicz-Obata Theorem, we also see that J is variationally stable at any Einstein metric.
8.3. CVIs of weight −4. An important step in the computation of functional determinants of powers of conformally covariant operators by Branson and Ørsted [10] is the identification of the space of CVIs of weight −4. This identification is readily made as follows: It is clear that the set where τ, ρ, θ ∈ (0, 2π) and r ∈ (0, ν) for ν ∈ (0, 1) the root of ν 4 +4ν 3 −6ν 2 +12ν −3, and where α, β, γ are the functions of r satisfying αβ = c := (3 + 6ν
, and
It is readily computed that Ric(g) = 3(1 + ν 2 )g. With respect to the orthonormal frame e 0 = α dr, e 1 = β dτ − 4 sin 2 ( ρ 2 ) , e i = γe i , i ∈ {2, 3}, where e 2 , e 3 is a local orthonormal frame for the round two-sphere (S 2 , dρ 2 +sin 2 ρ dθ 2 ), a straightforward but tedious computation yields
as well as the identities W 0202 = W 0303 = W 1212 = W 1313 and W 0231 = W 0312 . All remaining nonvanishing components of the Weyl tensor can be determined from these facts via the usual symmetries of the Weyl tensor. It follows that, by taking isometric products with suitably normalized spheres, one obtains examples of Einstein metrics of all dimensions greater than or equal to 4 for which |W | 2 is nonconstant; it is an R-linear combination of a constant and terms quadratic in (8.11).
As discussed in Subsection 8.1, both σ 2 and Q 4 are variationally stable at any Einstein metric with positive scalar curvature. To check which elements of σ 2 , Q 4 also satisfy this property, we use (8.4), (8.9) , and (8.10) to compute that
for any Einstein manifold (M n , g). Consider the three cones
It readily follows from Corollary 4.6 that Note in particular that
SV V E.
As noted in Subsection 8.1, the fourth-order Q-curvature is an element of SV. This cone seems relevant to the study of the functionals F γ2,γ3 := γ 2 II + γ 3 III on C 1 , the volume-normalized conformal class of a round metric g 0 of constant sectional curvature on S 4 , where γ 2 , γ 3 ∈ R and
2 dvol e 2w g0
are conformal primitives of Q 4 and −∆J = Q 4 − 4σ 2 , respectively. Note that the functional F γ2,γ3 is the logarithm of the ratio of functional determinants of powers of conformally covariant operators on the four-sphere [6, 10] . Let L γ2,γ3 = (γ 2 + γ 3 )Q 4 − 4γ 3 σ 2 be the conformal gradient of F γ2,γ3 . Note that (1) L γ2,γ3 ∈ V if and only if 5γ 2 + 2γ 3 ≥ 0 and γ 2 + γ 3 ≥ 0, with (γ 2 , γ 3 ) = 0; (2) L γ2,γ3 ∈ SV if and only if γ 2 > 0 and γ 2 + γ 3 ≥ 0. On the other hand, it is known that (1) if γ 2 γ 3 ≥ 0 with at least one of γ 2 , γ 3 nonzero, then F γ2,γ3 is extremized exactly by the round metrics in C 0 [7] ; (2) if γ 2 γ 3 < 0 and γ 2 /γ 3 ∈ (−9/4, −1/4), then F γ2,γ3 is neither bounded above nor bounded below in C 0 [42] ; and (3) if γ 2 γ 3 < 0 and γ 2 /γ 3 ∈ (−1, −1/4), then F γ2,γ3 admits a critical point in C 0 which is not round [42] . In particular, there are elements L γ2,γ3 ∈ V \SV -including the conformal gradient of the functional determinant of the Paneitz operator [6] -for which the corresponding functional F γ2,γ3 has non-round critical points in C 0 . It is not currently known whether there are elements L γ2,γ3 ∈ SV which satisfy this property, though there are elements L γ2,γ3 ∈ SV for which the corresponding functional F γ2,γ3 is neither bounded above nor bounded below.
8.4.
CVIs of weight −6. It is known [12, 26] 
Additionally, the Bianchi identity ∇ m R ijkl + ∇ i R jmkl + ∇ j R mikl = 0 implies that (8.12) ∇ m W ijkl + ∇ i W jmkl + ∇ j W mikl = C imk g jl + C mjk g il + C jik g ml − C iml g jk − C mjl g ik − C jil g mk .
As a consequence, we see that
Combining these facts shows that our set spans R n 6 . Finally, it follows readily from Weyl's invariant theory (e.g. [21] ) that dim R n 6 = 17 if n ≥ 6, and hence our set is also a basis.
We next compute the conformal gradients of the integrals of the basis elements from Lemma 8.1 which are neither divergences nor pointwise conformal invariants. Lemma 8.2. Let (M n , g) be a Riemannian manifold. As functionals on the conformal class [g], it holds that DS J 3 (Υ) = −3∆J 2 + (n − 6)J 3 , Υ , DS J|P | 2 (Υ) = −∆|P | 2 − 2δ (P (∇J)) − ∆J 2 + (n − 6)J|P | 2 , Υ , DS tr P 3 (Υ) = −3δ (P (∇J)) − 3 2 ∆|P | 2 − 3∇ k C skt P st + (n − 6) tr P 3 , Υ , DS −J∆J (Υ) = 2∆ 2 J + n − 2 2 ∆J 2 − (n − 6)J∆J, Υ , DS B,P (Υ) = 3(n − 4)∇ k C skt P st + (n − 6) B, P , Υ ,
where we denote W · P 2 := W ijkl P ik P jl .
Proof. Observe that
where the last identity uses (8.12). The result follows from these identities, the where (W 2 ) ij := W istu W j stu . In particular, if (M n , g) is Einstein, then
Thus K 2 is neither positive nor variationally stable at all Einstein metrics with positive scalar curvature.
Of course, we can add multiples of K 1 and nonnegative multiples of K 2 to any CVI L of weight −6 which is positive and variationally stable at any Einstein metric to obtain a new CVI with the same properties.
Example 8.4.7. Each of the pointwise conformal invariants L 1 , L 2 , and L 3 , as well as the CVI K 3 , are not necessarily constant at an Einstein metric. This is a consequence of (8.11) when computing the Weyl curvature of Einstein products of the Page metric with suitably normalized round spheres.
